Estimation of fluctuating magnetic fields by an atomic magnetometer by Petersen, Vivi & Molmer, Klaus
ar
X
iv
:q
ua
nt
-p
h/
06
05
23
7v
1 
 2
9 
M
ay
 2
00
6
Estimation of utuating magneti elds by an atomi magnetometer
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s
Department of Physis and Astronomy, University of Aarhus, DK-8000 Århus C, Denmark
(Dated: July 9, 2018)
We present a theoretial analysis of the ability of atomi magnetometers to estimate a utuating
magneti eld. Our analysis makes use of a Gaussian state desription of the atoms and the probing
eld, and it presents the estimator of the eld and a measure of its unertainty whih oinides
in the appropriate limit with the ahievements for a stati eld. We show by simulations that the
estimator for the urrent value of the eld systematially lags behind the atual value of the eld,
and we suggest a more omplete theory, where measurement results at any time are used to update
and improve both the estimate of the urrent value and the estimate of past values of the B-eld.
PACS numbers: 03.65.Ta, 07.55.Ge
I. INTRODUCTION
For deades superonduting quantum interferene de-
vies, SQUIDs, have been unrivalled as the most sen-
sitive detetors of weak magneti elds, and they have
been applied in diverse sienti studies inluding NMR
signal detetion [1℄, visualization of human brain ativ-
ity [2℄, and gravitational wave detetion [3℄. Optially
pumped atomi gasses oer an alternative means to de-
tet weak magneti elds via the indued Larmor prees-
sion of the polarized spin omponent, and the possibil-
ity to avoid the need for ryogeni ooling and the rela-
tively high prie of the SQUID devies, has spurred an
interest in employing atomi magnetometers in medial
diagnostis, see for example work on the mapping of hu-
man ardiomagneti elds, [4℄. Combined with the fat,
that the atomi based magnetometers may now reah su-
perior eld sensitivity [5℄, we are now highly motivated
to investigate and identify the optimal performane and
fundamental limits of suh devies.
Atoms onstitute ideal probes for a number of physial
phenomena, and sine they are quantum systems, the sta-
tistial analysis of measurement results has to take into
aount the very speial role of measurements in quan-
tum theory. In high preision metrology the aim is to
redue error bars as muh as possible, and there is an ob-
vious interest in making the tightest possible onlusion
from measurement data. How to optimally prepare and
interat with a physial system to obtain maximum infor-
mation, and even the simpler task of identifying preisely
the information available from a spei (noisy) detetion
reord are not fully haraterized at this moment. Large
eorts are urrently being made to ombine tehniques
from lassial ontrol and parameter estimation theory
with quantum ltering equations.
In the present paper we analyze the ase of atomi
magnetometry with large atomi samples whih are be-
ing probed ontinuously in time with weak optial probes.
Suh systems allow a simplied treatment by means of
Gaussian states and probability distributions, and we are
able to give exat expressions for the probability distribu-
tion of the probed magneti eld, i.e., our result is neither
too weak nor too strong (no proedure exists by whih
further information an be extrated from the available
data, and the atual value must agree with our estimate
within the probability distribution). Our work is a gener-
alization of previous work for stati elds [6, 7℄ to the in-
teresting ase of time dependent elds. Time dependent
elds were studied reently [8℄, and we shall generalize
that analysis and show that further improvements of the
estimate of the eld at a given time is possible by taking
into aount the detailed detetion reord at both earlier
and later times.
In Se. II, we desribe the physial setup and the inter-
ations between a single omponent B-eld , the atomi
system and the optial probe eld. In Se. II B, we de-
sribe the time evolution of the olletive atomi quan-
tum state during interation with a given, parametrized,
eld B(t) and optial probing. In Se. III, we treat the
ase, where the time dependent magneti eld is assumed
to be a realization of an Ornstein-Uhlenbek stohasti
proess, where the atual time dependene of B(t) is un-
known by the experimentalist, and we provide the formal-
ism for the optimum estimate for B(t) based on the noisy
detetion reord for all earlier times t′ < t. In Se. IV,
we show results of numerial simulations, suggesting that
also the detetion at later times t′ > t improves our esti-
mate of B(t), and we present ad ho and preise analyses
of the optimum estimator. Se. V onludes the paper.
II. INTERACTION BETWEEN A LARGE
ATOMIC SAMPLE, A MAGNETIC FIELD AND
AN OPTICAL PROBE
A. Physial System and Interations
We onsider a gas with a marosopi number Nat
of atoms with two degenerate Zeeman states. Initially,
all the atoms are prepared by optial pumping in the
same internal quantum state, and all interations are as-
sumed to be invariant under permutations of the atoms.
The dynamis is onveniently desribed by the olletive
eetive spin operator J = ~2
∑
i σi with σi the Pauli
2x
y
z
B
y
FIG. 1: A B-eld omponent along the y-axis auses a Larmor
preession of an atomi spin whih is initially polarized along
the x-axis. The resulting z omponent of the spin is probed
by the Faraday polarization rotation of a linearly polarized
laser beam whih propagates along the y-axis.
matries desribing the individual two-level atoms. The
atoms are initially prepared by optial pumping suh that
their spin is polarized along the x axis, and we assume
only a small depolarization during the interation, so that
the operator Jx an be well approximated by a onstant
number 〈Jx〉 = ~Nat2 . The other two projetions of the
olletive spin, Jy and Jz , obey the ommutation rela-
tion [Jy, Jz] = i~Jx and the resulting unertainty rela-
tion on Jy and Jx, i.e., on the number of atoms pop-
ulating the σy and σz atomi eigenstates preisely re-
et the binomial distribution of atoms on these states.
The ommutator may be rewritten as [x
at
, p
at
] = i for
the eetive anonial position and momentum variables
xat =
Jy√
~〈Jx〉
, pat =
Jz√
~〈Jx〉
, and the binomial population
statistis of the olletive states niely maps to Gaussian
probability distributions of x
at
and p
at
.
We now imagine that the atomi sample is plaed in
a B-eld direted along the y diretion, whih auses a
Larmor rotation of the atomi spin towards the z axis.
The setup is shown in Fig. 1. During a time interval τ ,
the z-omponent of the olletive spin, represented by
the operator p
at
, evolves as
p
at
→ p
at
− µτB, (1)
where µ is given by the magneti moment β, via µ =
(1/~)β
√
〈Jx〉/~. By probing the value of pat, we aquire
information about the magneti eld.
A number of papers have dealt with the interation of
atomi samples with an optial eld, [6, 9, 10, 11, 12, 13,
14℄. A partiularly onvenient interation ours when
the two atomi states interat with a linearly polarized
non-resonant probe eld. A linearly polarized eld an
be expanded on two irular omponents, and if they
interat dierently with the two internal atomi states,
they experiene dierent phase shifts depending on the
atomi populations, whih in turn translates into a (Fara-
day) rotation of the polarization of the eld. For use of
the eetive spin-1/2 piture to the desription of angu-
lar momenta larger than 1/2, see for example [15℄. We
are interested in the ase of a ontinuous beam of light in-
terating with the atoms, and this is eetively obtained
by disretizing the eld into a sequene of square pulse
segments of light, see [6℄. Sine the light beam is linearly
polarized along x, the Stokes operator for a short segment
of the beam with Nph photons has an x-omponent whih
TABLE I: Values of physial quantities used in the numerial
examples of this paper.
Physial quantity Value
Initial unertainty ∆B0 = 1pT
Total number of atoms Nat = 2× 10
12
Photon ux Φ = 5× 1014 s−1
Intersetion area A = 2mm2
Wavelength λ = 852 nm
Detuning
∆
2pi
= 10GHz
Atomi dipole moment d = 2.61 × 10−29 Cm
Coupling between atoms and B-eld µ = 8.79× 104 s−1
Coupling between atoms and photons κ2 = 1.83 × 106 s−1
behaves lassially, 〈Sx〉 = ~Nph2 , and the two remain-
ing omponents fulll the ommutator relation of angu-
lar momentum operators. Aordingly, for the saled ef-
fetive variables xph =
Sy√
~〈Sx〉
, pph =
Sz√
~〈Sx〉
, we have
[x
ph
, p
ph
] = i and the initial oherent state of the eld
is a minimum unertainty Gaussian state in these vari-
ables. When a single light segment is sent through the
atomi sample, the polarization rotation is quantied by
the dierene between the intensities of linear polariza-
tion omponents at 45◦ and −45◦ angles with respet to
the inident polarization, i.e., by the Sy (xph) quantum
variable. The eld is not in an eigenstate of this quan-
tity, and the measurement outome is stohasti with a
mean value governed by the mean rotation, i.e., the mean
atomi population dierene, and a variane given by a
shot noise ontribution from the photon number distri-
bution, and by the variane of the atomi populations. In
turn, the detetion of the light signal auses a bak-ation
on the quantum state of the atoms, whih, depending on
the total number of photons deteted, shifts the mean
atomi populations and redues their widths.
As shown in Ref.[14℄ and referenes therein, the polar-
ization rotation desribed above is desribed by a simple
eetive Hamiltonian, and in the Heisenberg piture the
atomi variables and the variables desribing a single seg-
ment of the light beam of duration τ evolve as
x
at
7→ x
at
+ κ
√
τp
ph
, p
at
7→ p
at
(2)
x
ph
7→ κ√τp
at
+ x
ph
, p
ph
7→ p
ph
(3)
where the atom-light oupling strength κ =
d2ω
∆Acǫ0
√
NatNph/τ is a funtion of atomi parame-
ters (d is the atomi dipole moment, ω is the photon
frequeny, ∆ is the detuning of the light from atomi
resonane, and A is the area of the the light eld) and,
notably, the total number of atoms Nat and the photon
ux Φ = Nph/τ in the pulse segment. Our theory is to
a large extent analytial, but in order to present some
of the results in graphs, we shall adopt realisti values,
summarized in Table 1, for a possible experiment with
esium atoms.
3B. Gaussian state formalism
In this setion, we shall assume a magneti eld B(t)
with an expliitly given time dependene. This analysis
will be needed, when we proeed to simulate how an un-
known eld is estimated, sine it is the atual realization
of the eld, that drives the atomi dynamis. The ur-
rent setion thus aounts for the information available
to the theorist, whereas the proeeding setion will deal
with the information available to the experimentalist
having only aess to the optial detetion reord.
We plae a spin-polarized atomi gas in the B-eld,
and probe it ontinuously by the polarized light beam.
The Gaussian probability distribution (Wigner funtion)
of the atomi variables and of the light pulse prior to
interation, evolves into a new Gaussian state, and the
detetion of the polarization rotation, whih is a mea-
surement of the eld observable x
ph
leads to an update
of the atomi state, but it retains the Gaussian form [16℄.
We an hene desribe the atomi state by the mean val-
ues and by the ovariane matrix whih fully haraterize
a Gaussian state, and we shall now summarize the dy-
namis of the atoms+elds with an eetive formalism
that desribes the time evolution of the mean values and
the ovarianes of the atomi state due to interation and
measurements.
We rst dene a vetor of variables (operators) y =
(x
at
, p
at
, x
ph
, p
ph
)T , with the orresponding vetor of
mean values m = 〈y〉 and with the ovariane matrix
γ where γij = 2Re〈(yi − 〈yi〉)(yj − 〈yj〉)〉. Our Gaussian
state desription of the spin polarized sample and the
linearly polarized light translates into the speiation
of the initial values,
m = 0 (4)
γ = 14×4. (5)
and the update formula due to interations during a time
interval τ
m→ Sm+ v (6)
γ → SγST (7)
where
S =

1 0 0 κ
√
τ
0 1 0 0
0 κ
√
τ 1 0
0 0 0 1
 (8)
and
v = (0,−µτB(t), 0, 0)T . (9)
Let us write
γ =
(
Aγ Cγ
CTγ Bγ
)
(10)
m = (mA,mB) (11)
with Aγ the ovariane matrix for the atomi variables,
y1 = (xat, pat)
T
, Bγ the ovariane matrix for the eld
variables, y2 = (xph, pph)
T
, and Cγ the orrelation ma-
trix between y1 and y
T
2 . When a measurement of the
variable x
ph
is performed, the outome takes on a ran-
dom value, given by the Gaussian probability distribu-
tion. For a short segment of light, the mean value of
x
ph
is m3 = κ
√
τm2, and the variane is one half (the
inident eld variane is only innitesimally modied by
the atoms). The measurement of a value x
meas
for x
ph
ollapses the eld state and transforms the atomi om-
ponent aording to
Aγ → Aγ −Cγ(piBγpi)−CTγ (12)
mA →mA +Cγ(piBγpi)−((xmeas −m3), 0)T (13)
Bγ → 12×2 (14)
Cγ → 0 (15)
mB → 0 (16)
where pi = diag(1, 0) and (. . . )− denotes the Moore-
Penrose pseudoinverse. To the lowest, relevant order,
(piBγpi)
− = diag(1, 0). Equations (14), (15), and (16)
refresh the atom and eld variables orresponding to
the subsequent light segment whih has no orrelations
with the atoms prior to interation. Note that the quan-
tity (x
meas
− m3) is a random variable with vanishing
mean and variane 1/2, and sine Cγ sales with
√
τ , the
measurement indued, random displaement of the mean
values (13) an also be expressed in terms of a Wiener
inrement with zero mean and variane τ , f. [7, 8℄.
Before proeeding to the interation between the atoms
and an unknown magneti eld, we note that the dynam-
is in (2) is of quantum non demolition type (QND), i.e.,
it permits a detetion of the atomi variable p
at
without
hanging this observable. Suh a detetion (arried out
when the eld variable x
ph
is read out after the atom-light
interation), in eet leads to squeezing of the p
at
ompo-
nent of the atomi spin around a random value, whih is
seleted by the random outome of the measurement pro-
ess and by the deterministi Larmor rotation. Of ourse
a single, innitesimal time step as in (2,3) leads only to
an innitesimal squeezing, but as the evolution proeeds
ontinuously in time it leads to a monotoni redution
of the variane of the atomi spin omponent. If atomi
spontaneous deay is taken into aount, the squeezing
has an optimum and further interation with the optial
probe leads to inoherent depopulation among the atomi
states. We are indeed able to desribe also suh proesses
in the Gaussian state formalism [6, 14℄, but sine the im-
portane of spontaneous proesses is very system spei,
and it an be redued by going to suiently large detun-
ings, we shall ignore spontaneous deay in the following.
4III. ESTIMATION OF AN UNKNOWN TIME
DEPENDENT B-FIELD
The B-eld auses the Larmor preession (2). By prob-
ing the value of p
at
, we aquire information about the
magneti eld if its value is not already known. In [6, 17℄,
we found that a onstant magneti eld is eetively
probed with a time dependent variane on the estimate
given by
∆B(t)2 =
∆B20(1 + κ
2t)
1 + κ2t+ 23κ
2µ2(∆B0)2t3 +
1
6κ
4µ2(∆B0)2t4
(17)
with ∆B20 representing our prior knowledge of the eld.
In the limit of κ2t ≫ 1, we have ∆B(t)2 ≃ 6/(κ2µ2t3)
whih is independent of the prior knowledge and whih
reets a more rapid redution with time of the variane
than expeted from a onventional statistial argument.
This is due to the atomi squeezing, as it progressively
makes the system more and more sensitive to the mag-
neti eld perturbation.
In the following, we shall generalize the analysis to the
ase of time dependent B-elds. A onvenient model for a
random eld is a damped diusion (Ornstein-Uhlenbek)
proess, governed by the stohasti dierential equation
dB(t) = −γbB(t)dt+√σbdWb (18)
where the Wiener inrement dWb has a Gaussian distri-
bution with mean zero and variane dt. Our task is to
expose atoms to a realization of this proess and to use
the polarization measurements to onstrut an estimate
for the atual urrent value of the eld.
The Ornstein-Uhlenbek proess an be simulated on
a omputer, but we an also make statistial preditions,
e.g., the steady state mean vanishes and the variane is
Var
st
(B) =
σb
2γb
, (19)
and if the value of the eld is estimated at time tL in the
laboratory to be BtL with a variane VtL on the estimate,
our best estimate for the value at a future time t > tL
takes the value Bt exp(−γb(t− tL)) with a variane
Vt = VtLe
−2γb(t−tL) +
σb
2γb
(1− e−2γb(t−tL)). (20)
The Ornstein-Uhlenbek proess an be very slow, in
whih ase the eld retains its random value almost on-
stantly over long times, and we expet to reover the re-
sults in [6℄ for estimation of a onstant eld, beause the
aumulated photo detetion reord over time arries in-
formation about the time dependent eld, whih is known
to dier not very muh. If the Ornstein-Uhlenbek pro-
ess is very fast, the aumulated photo detetion reord
until the present time t gives only little information about
the present value. Note that by saling γb and σb by the
same fator, the variane (19) is unhanged, but the pro-
ess hanges from slow to rapid utuations.
Our theoretial desription of the estimation proess
deals with a joint Gaussian distribution for the quantum
variables and the lassial magneti eld. As in [6℄ we for-
mally treat the B-eld as the rst omponent in our ve-
tor of ve Gaussian variables y˜ = (B, x
at
, p
at
, x
ph
, p
ph
),
where the tilde is used to distinguish these variables from
those in the previous setion. The Gaussian state is har-
aterized by its mean value vetor m˜ = 〈y˜〉 and its o-
variane matrix γ˜ where γ˜ij = 2Re〈(y˜i−〈y˜i〉)(y˜j−〈y˜j〉)〉.
Note that although, e.g., x
at
is the same operator in
this and the previous setion, its Gaussian state mean
value and variane are not the same, beause the Gaus-
sian state is the probability distribution assigned by the
observer given his or her aquired knowledge about the
system. In the previous setion we determined this prob-
ability distribution onditioned on full knowledge of the
time dependent B-eld and the photo detetion reord,
whereas in the urrent setion, only the experimental-
ist's knowledge of the detetion reord is assumed.
By propagating the update formulas for m˜ and γ˜
due to the Larmor rotation, the atom-light interation,
the random outomes of the probing proess, and the
Ornstein-Uhlenbek proess, we obtain at any time a
mean value m˜1 and a variane γ˜11/2 for the B-eld.
The initial values are
m˜ = 0 (21)
γ0 = diag(2Var(B0), 1, 1, 1, 1). (22)
Due to the interation between the B-eld and the atoms
and between the atoms and the photons we have
m˜→ S1m˜ (23)
γ˜ → S1γ˜ST1 (24)
where
S1 =

1 0 0 0 0
0 1 0 0 κ
√
τ
−µτ 0 1 0 0
0 0 κ
√
τ 1 0
0 0 0 0 1
 (25)
In this setion the B eld is one of the variables, and
hene the equation (23) is linear unlike the ane trans-
formation (6). Due to the Ornstein-Uhlenbek proess
we have
m˜1 → m˜1(1− γbτ) (26)
γ˜ → S2γ˜S2 + L (27)
where S2 = diag(1 − γbτ, 0, 0, 0, 0) and L =
diag(σbτ, 0, 0, 0, 0).
To handle the measurement on x˜
ph
we write the o-
variane matrix and mean value vetor as
γ˜ =
(
A˜γ C˜γ
C˜Tγ B˜γ
)
(28)
m = (mA,mB) (29)
5with A˜γ the ovariane matrix for the B-eld and atoms,
y˜1 = (B, x˜at, p˜at)
T
, B˜γ the ovariane matrix for the
photons, y˜2 = (x˜ph, p˜ph)
T
, and C˜γ the orrelation matrix
for y˜1 and y˜
T
2 . The measurement of x˜ph then transforms
these matries aording to
A˜γ → A˜γ − C˜γ(piB˜γpi)−C˜Tγ (30)
B˜γ → 12×2 (31)
C˜γ → 0 (32)
m˜A → m˜A + C˜γ(piB˜γpi)−(xmeas − m˜4, 0)T (33)
m˜B → 0 (34)
These equations fully desribe the onditioned and the
deterministi evolution of the multi-variable Gaussian
distribution, and in partiular we get aess to the es-
timator for the B-eld in the form of its mean and the
orresponding ovariane matrix element. The input to
the estimation protool is the onstant parameters of the
problem and the outome of the photo detetion, whih
will drive the mean values, and hene the estimator, to a
non-trivial result, f. Eq. (33). We note that whereas the
estimator depends on the atual measurement outome,
the ovariane matrix evolves in an entirely determinis-
ti manner, and we an hene theoretially predit the
magnitude of the error as it was also done in [8℄.
We wish to simulate the protool with a given realiza-
tion of the noisy eld, and to this end we have to ombine
the theories of this and the previous setion. In suh a
simulation it is the atual eld B(t) that ats on the
atoms and hene leads to the probability distribution for
the photo detetion reord, and the measured quantum
eld variable x
ph
has the mean valuem3 = κ
√
τm2, given
by the expressions of the previous setion. Hene the
measurement outome an be written κ
√
τm2+χ where χ
is unorrelated with its value at previous detetion times,
and it has vanishing mean and a variane of 1/2. We are
thus eetively ommuniating the value of the simulated
B-eld through the use of the theorist's estimator of
the atomi state in the simulation of measurement out-
omes. Assuming a random measurement outome with
the statistis desribed, we update the mean value vetor
and ovariane matrix of the previous subsetion, and we
use the same simulated measurement outome in the up-
date formula (33). The simulated measurement outome
may deviate from the value m˜4 urrently expeted by the
experimentalist both beause of the noisy ontribution
and beause the mean is given by its true value and not
by his or her estimate. The latter is responsible for driv-
ing the B-eld estimate towards the atual realization in
our numerial simulations.
IV. RESULTS
We now have a omplete theory whih, given the de-
tetion reord, provides the estimator for the time depen-
dent B-eld and its variane. In pratie, the experiment
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FIG. 2: Unertainty of the B-eld as a funtion of
time. We have used the numerial values of Table 1.
The dashed/red line is the analytial result for a on-
stant B-eld. The full/blak lines represents utuating
elds with the same steady state unertainty
√
σb/2γb =
1pT, but with dereasing rates. From above, γb =
105 s−1, 104 s−1, 103 s−1, 102 s−1, 101 s−1. For small values of
γB the full/blak urves approah the onstant B-eld result
as expeted.
should be run, and the analysis should be applied on the
full detetion reord, either simultaneously with the ex-
periment or afterwards. Some alulation is neessary
sine the B-eld estimator at any time involves knowl-
edge of the full vetor of mean values and the ovariane
matrix. The ovariane matrix, and in partiular the
variane of the B-eld estimate evolves deterministially
with time. We an in fat solve the equations for the
ovariane matrix analytially, and in the long time limit
we nd the steady state variane on our B-eld estimate:
Var(B) =
1
4κ2µ2
(√
γ2b + 2µ
√
σbκ− γb
)2
×
√
γ2b + 2µ
√
σbκ.
(35)
When the Ornstein-Uhlenbek proess is slow, early de-
tetion events and estimates provide already an estimate
for future values of the eld, f. (20), whih is further
rened by the ontinued measurement reord. As also
shown by (20), if the rate γb is high, the estimates quikly
loose their signiane, and only probing for a short time
before t is useful in the estimate of of B(t). In Fig. 2
we show how the variane of the B-eld estimate starts
with the prior steady state value (19) before any probing
takes plae, and evolves to the steady state value given
by (35). In the gure we assume the same steady state
value for the B-eld variane σb/2γb in all urves, but
with dierent values of the utuation rate onstant γb.
For omparison we show also in the gure the analytial
result (17) for a onstant, unknown eld with the same
prior unertainty. This urve onverges to zero, but it is
learly seen to follow the urves with nite γb on short
time sales (determined by γb).
In Fig. 3 we show the result of the appliation of a given
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FIG. 3: Time dependent value of the atual, simulated B-eld
(full/red line) and the estimate based on a simulated detetion
reord (dashed/green line). The atomi parameters are given
in Table 1, and the B-eld is haraterized by γb = 10
3 s−1
and σb = 2× 10
3 pT2/s. The inset shows the error of the
estimate (36) as a funtion of a variable translation of the two
urves with respet to eah other, and the horizontal dashed
line in the inset shows the error obtained from a weighted
average of delayed estimates, see text and Eq. (37).
realization of the Ornstein-Uhlenbek proess. The gure
shows the atual proess as a full line and the estimator
as a dashed line for a typial time window. We observe
that the estimator traks the gross struture of the de-
pendene very well, but smaller transients are not repro-
dued. Taking a seond look at the gure, we also ob-
serve that the estimate is systematially lagging behind
the true realization of the eld. This is not surprising, as
the estimate makes expliit use of all past measurements
to predit the urrent value. In partiular, if no measure-
ment results are provided, the estimate for the value is
simply obtained from past values aording to Eq. (18).
This should, however, prompt attempts to make an even
better estimate for the eld using not only the detetion
reord until the instant of interest, but also the later de-
tetion events. We reall that we are atually probing
the atomi spin state, and the Larmor preession due to
the B-eld may well be deteted also after it took plae.
To justify this inreased eort, we have made a very
simple transformation of the data, onsisting in a tem-
poral displaement of the two urves in Fig. 3, so that
we ompare the urrent estimator m˜1(t), obtained by our
theory with earlier values of the eld B(t−T ). The inset
of Fig. 3 shows the numerially alulated error of the
estimate, averaged over a long detetion reord, plotted
as a funtion of the delay T ,
Error2(T ) =
1
t0
∫ t0+T
T
(m˜1(t)−B(t− T ))2dt, (36)
and we indeed see, that for a range of values for T the
error is smaller than for T = 0, i.e., we obtain a better
estimate if we assign our estimate to the value of the
B-eld a little earlier.
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FIG. 4: Time dependene of optimal weight fators ai in
Eq. (37), favoring ontributions with a nite delay around
0.02 ms as suggested by the insert in Fig. 3.The atomi pa-
rameters are given in Table I, and the B-eld is haraterized
by γb = 10
3 s−1 and σb = 2× 10
3 pT2/s.
A slightly more elaborate proedure to improve the es-
timate obtained from the above proedure is obtained by
assuming not just a simple delay but a temporal onvo-
lution of the estimators, Bestopt(t) =
∫∞
−∞ a(t−t′)m˜1(t′)dt′.
Numerially, we have identied the optimum delay dis-
tribution by minimizing the (squared) error
1
t0
∫ t0+T
T
(∑
i
aim˜1(t− idt)−B(t)
)2
dt, (37)
whih turns out to be a linear algebra problem for the
oeients ai. Running a series of simulations, we nd
the temporal variation of the delay distribution plotted in
Fig. 4, peaking, as expeted, around the optimum delay,
found in Fig. 3. The error obtained this way is smaller
than by use of any xed delay, as indiated by the hori-
zontal dashed line in the inset in Fig. 3.
A. Gaussian theory of hindsight
Both the xed delay and the weighted average of de-
lays bring promises for improved sensitivity of magne-
tometers, if one an wait for the estimate until (a short
time) after the ation of the eld. Both proedures, how-
ever, suer from their ad ho harater, and in partiular
from the fat that the optimum delay or delay distribu-
tion are not theoretially available, unless one aepts to
use simulations as the present ones a guideline. We shall
now present the orret theory, whih gives the optimum
estimate and a tight bound on the error without any ad
ho proedures.
The urrent estimate of the B-eld is given by a Gaus-
sian probability distribution, and so is the estimate of the
value at all points in the past, and as measurements on
the atoms proeed, we may keep improving also our past
estimate. We hene treat not only the urrent value but
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FIG. 5: Time dependent value of the atual, simulated B-
eld (full/red line) and the estimate based on a simulated
detetion reord available until 0.1 ms after the ation of the
eld (dashed/green line). The atomi parameters are given in
Table 1, and the B-eld is haraterized by γb = 10
3 s−1 and
σb = 2× 10
3 pT2/s.
also past values of the B-eld as Gaussian variables to-
gether with the atom and eld variables. To update the
estimate at an instant T in the past, we need to keep trak
of the entire interval from t−T to the present time t, and
we extend our Gaussian state formalism by replaing the
argument y˜1 by a whole vetor of values, representing the
unknown B-eld at disrete times spanning an interval
from t − T until t. Sine we are dealing with the values
in the past, they are not evolving due to the Ornstein-
Uhlenbek proess, but inherit their randomly value as
time proeeds and the elements in the vetor of mean
values and the ovariane matrix are simply pushed to-
wards the past. Only the urrent value of B(t) is given
by the stohasti proess. The atomi system is orre-
lated with both the urrent and the previous values of
the eld as witnessed by non-vanishing elements in the
extended ovariane matrix, and hene the updating due
to measurements on the atoms also inuene the variane
of the B-eld estimate in the past, .f. the appropriate
generalization of Eq. (33). Now, there is nothing ad ho
about the proedure. At any time, we have an estima-
tor for the value of the eld over a nite interval looking
bakwards in time, and we have the variane of these val-
ues, whih is a dereasing funtion of the time dierene,
approahing a onstant, for values so long time ago, that
their ation on the atoms is no longer disernible, and
hene no further updating takes plae due to Eq. (33).
Fig. 5 shows a omparison of the atual, simulated eld
with our Gaussian estimator, available 0.1 ms after the
ation of the B-eld on the atoms. Rapid transients are
not reprodued, but in omparison with Fig. 3, we have
learly removed the lag and improved the overall agree-
ment between the estimator and the atual value of the
time dependent eld.
Fig. 6 reports the variane of the estimate of the B(t)-
eld plotted at a given time tL in the laboratory after a
long measurement time, so transients in the atomi dy-
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FIG. 6: Time dependene of the variane of our esti-
mate of the time dependent eld B(t)-eld around the
urrent time tL in the laboratory. The urves represent
utuating elds with the same steady state unertainty√
σb/2γb = 1pT, but with dereasing rates. From above,
γb = 10
4 s−1, 103 s−1, 102 s−1, 101 s−1. The atomi parame-
ters are given in Table 1. For later times t > tL, we have to
guess the value from the properties of the Ornstein-Uhlenbek
proess (20), at the urrent time we have the value (35), and
for earlier times we get the improvement given by the solution
of the extended Gaussian state updating. The inset shows the
unertainty relative to its value at t = tL; improved by an ap-
proximate fator of 2, when we estimate the past values of
the eld.
namis have died out. Results are shown for dierent
values of γb but a onstant ratio between γb and σb. The
estimate for B(t = tL) at the laboratory time is based on
measurements that have registered the ation of the eld
at all previous times and takes the value given by (35).
For future times t > tL, we have to use the urrent es-
timate and extend it by our knowledge of the Ornstein-
Uhlenbek proess, i.e. by inserting VtL in Eq. (20). The
urves show that it is easier to guess the present value
than future ones, and that future values are partiularly
hard to guess for a rapidly utuating proess. Finally,
the urves also explore the range of t < tL, where we esti-
mate past values of the eld, and we observe the value of
hindsight. For small γb, the unertainty is small, but we
see in the inset of the gure, where the variane is plotted
relative to its value at t = tL, that quite independently
of the time onstant of the utuations, if we an only
wait long enough, we nd an improvement by a fator
of approximately 2 on the unertainty ompared to the
equal time estimate. This improvement is a funtion of
the physial oupling parameters, and the present study
suggests a areful analysis of the optimum probing strat-
egy, inluding the possibility of time dependent probing
eld strengths and detunings and taking into aount also
atomi deay proesses.
8V. DISCUSSION
We have presented a formalism, that provides the
orret estimate of a time dependent B eld whih is
known to utuate randomly aording to an Ornstein-
Uhlenbek proess. The estimate exhausts the measure-
ment data and makes the tightest possible onlusions
from the photo detetion reord. It is orret in the
sense that any better estimate neessarily requires fur-
ther information, whih ould either be in the form of
prior information about the eld or the results of further
measurements on the system. Our ability at time t to es-
timate B(t) onnets in a natural manner with previous
results for the estimation of stati elds, and it is ompa-
rable with the results of the analysis of time dependent
elds in [8℄. Simulations show that this theory atually
provides a better estimate of the value in the reent past
(or, instrumentally, if you need to estimate the eld at
time t, you should use the formally obtained estimate at
time t+T for some suitable T ). Our formalism naturally
generalizes to desribe also a senario, where previous es-
timates are updated by urrent measurements, and this
provides an essential improvement for magnetometers as
doumented in the paper.
We have not made a omplete survey of the optimal
performane as a funtion of all physial parameters. At
this stage, it seems futile to vary all parameters without
inlusion, in partiular, of atomi deay, whih will ei-
ther restrit the magnetometers to nite time analyses
or whih will have to be ompensated by a ontinuous
optial re-pumping of the atoms. As pointed out in [8℄,
the eld estimation an be made robust to impreise in-
formation about some of the physial parameters, in par-
tiular the number of atoms whih enters the atom-light
interation strength. Instead of just alulating the eld,
one an apply, in a feed bak set-up, a ompensating
eld whih should freeze the Larmor preession, inde-
pendently of the number of atoms, and the eld estimate
is now given by the value of this ompensating eld. It
is possible to inlude a time dependent feed bak eld in
our equations, and hene to simulate the performane of
any feed bak strategy and its robustness against u-
tuations in physial parameters. Another important ex-
tension of the theory deals with the assumption of the
Ornstein-Uhlenbek proess with given parameters. The
parameters enter expliitly in our estimation proedure,
and if these parameters are not known, or if they are
funtions of time, e.g., as in the ase of ardiography on
a beating heart, more rened theory will bee needed. At
this point, we reall, that the Ornstein-Uhlenbek model
represents our prior knowledge about the eld utua-
tions. A onservative high estimate on the noise utu-
ations will hene give a similar onservative estimate on
the eld, whih might be improved if better limits were
known. A theoretial investigation of this problem ould
for example simulate the estimation of a noisy eld, as-
suming a dierent value of the parameters than applied in
the synthesis of the eld, and investigate numerially the
dierene between the variane on the estimate obtained
from the theory and the atual statistial agreement be-
tween the estimate and the eld.
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